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ON ROTA’S CONJECTURE AND NESTED
SEPARATIONS IN MATROIDS
SHALEV BEN-DAVID AND JIM GEELEN
Abstract. We prove that for each finite field F and integer k ∈ Z
there exists n ∈ Z such that no excluded minor for the class of F-
representable matroids has n nested k-separations.
1. Introduction
We prove a partial result towards Rota’s Conjecture [3].
Conjecture 1.1 (Rota). For each finite field F, there are, up to
isomorphism, only finitely many excluded minors for the class of F-
representable matroids.
A sequence (A1, B1), . . . , (An, Bn) of k-separations in a matroid is
said to be nested if A1 ⊂ A2 ⊂ · · · ⊂ An. We prove the following
theorem.
Theorem 1.2. Let F be a finite field of order q, let k be a positive
integer, and let n = tower(q, q, k, 6). Then no excluded minor for
the class of F-representable matroids admits a sequence of n nested
k-separations.
Here tower(a1, a2, . . . , an) = a
a·
·
·
an
2
1 .
The special case of this result with k = 3 was proved by Oxley,
Vertigan, and Whittle (personal communication).
We conclude the introduction with an application of Theorem 1.2 to
branch-width; this corollary is proved in Section 6 where we also define
branch-width.
Corollary 1.3. For any finite field F of order q and positive integer
k, if M is an excluded minor for the class of F-representable matroids
and M has branch-width k, then |M | ≤ tower(3, q, q, k, 6).
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Corollary 1.3 improves the main result in [1] which gives a non-
computable bound on |M |.
Our main result, Theorem 5.3, is an extension of Theorem 1.2 that
involves representabilty over several fields.
2. preliminaries
We use the following standard notation: we denote the power set of
a set E by 2E, and, if f is a function whose domain is a set E and
X ⊆ E, then we denote {f(x) : x ∈ X} by f(X).
We follow the terminology of Oxley [2], except we write |M | for
the size of a matroid M . For a finite field F, we define an represented
matroid to be a pair (M,S) where si(S) is a projective geometry over F
andM is a restriction of S. For a represented matroid (M,S) and X ⊆
E(M), we denote clS(X) by span(X). For disjoint sets D,C ⊆ E(M),
we call (M \D/C, S/C) a minor of (M,S). For notational convenience
we will usually refer to the represented matroid by M alone, and write
SM for S.
Let M be a matroid. For X, Y ⊆ E(M), we define
⊓M (X, Y ) = rM(X) + rM(Y )− rM(X ∪ Y ) and
λM(X) = ⊓M(X,E(M)−X).
Thus, if M is representable, then
⊓M(X, Y ) = rSM (span(X) ∩ span(Y )).
It is well-known that λ is submodular; that is,
λM(X) + λM(Y ) ≥ λM(X ∩ Y ) + λM(X ∪ Y ).
If X and Y are disjoint, then expanding the definitions reveals that
λM/Y (X) = λM(X)− ⊓M (X, Y ).
A k-separation is a partition (A,B) of M such that |A|, |B| ≥ k
and λM(A) < k; if λM(A) = k − 1, then (A,B) is said to be an exact
k-separation.
For disjoint sets X and Y of elements, we define
κM(X, Y ) = min(λM(Z) : X ⊆ Z ⊆ E(M)− Y ).
For any set C ⊆ E(M) − (X ∪ Y ) it is straightforward to show that
⊓M/C(X, Y ) ≤ κM(X, Y ). The following result, due to Tutte (see [2,
Theorem 8.5.2]), shows that there exists C for which equality is at-
tained; this differs from Tutte’s formulation, but the two versions are
readily seen to be equivalent.
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Theorem 2.1 (Tutte’s Linking Theorem). If X and Y are disjoint
sets of elements in a matroid M , then there is an independent set C ⊆
E(M)− (X ∪ Y ) such that ⊓M/C(X, Y ) = κM(X, Y ).
We also require the following results.
Lemma 2.2. Let (A1, A2, A3, A4) be a partition of the ground set of a
matroid M and let k ∈ N such that λM(A1 ∪A2) = κM(A1, A3 ∪A4) =
κM(A1 ∪ A2, A4) = k, then κM (A1, A4) = k.
Proof. Let X be a set with A1 ⊆ X ⊆ E(M) − A4 and λM(X) =
κM(A1, A4). By submodularity,
λM(X) + λM(A1 ∪ A2) ≥ λM(A1 ∪ (X ∩A2)) + λM(A1 ∪A2 ∪X).
Now A1 ⊆ A1∪ (X ∩A2) ⊆ E(M)− (A3∪A4) and A1∪A2 ⊆ A1∪A2∪
X ⊆ E(M) − A4, so λM(A1 ∪ (X ∩ A2)) ≥ κM(A1, A3 ∪ A4) = k and
λM(A1∪A2∪X) ≥ κM(A1∪A2, A4) = k. Moreover λM(A1∪A2) = k, so
κM(A1, A4) = λM(X) ≥ k. On the other hand κM(A1, A4) ≤ λM(A1 ∪
A2) = k. 
Lemma 2.3. Let M be a matroid, let k ∈ N, and let S, T,X, C,D ⊆
E(M) such that (S, T, C,D) is a partition of E(M), S ⊆ X ⊂ E(M)−
T , and k = λM(X) = λM/C\D(S). Then λM/(C−X)\D−X(X) = k.
Proof. We have k = λM(X) ≥ λM/(C−X)\D−X(X)geλM/C\D(S) ≥ k.

The following lemma provides a crude upper bound on the number
of flats in a projective geometry.
Lemma 2.4. The number of flats of PG(k − 1, q) is at most
tower(q, k, 2).
Proof. For each flat of PG(k − 1, q) there is a list of k points in
GF(q)k that span the flat. So the number of flats is at most
(
qk
)k
=
tower(q, k, 2). 
3. Inequivalent representations and k-separations
The fact that a matroid can have many inequivalent representations
over a field is a major cause of difficulties in attacking Rota’s Conjec-
ture. In this section we develop techniques that enable us to control
inequivalent representations relative to a given k-separation.
The following two lemmas are primarily intended as motivation for
the definition of a “scheme” that comes at the end of this section.
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Lemma 3.1. Let F be a finite field, let M and N be F-represented
matroids with E(M) = E(N), and let (A,B) be a partition of E(M).
Then M = N if and only if
(i) rM(X) = rN(X) for each X ⊆ A,
(ii) rM(Y ) = rN (Y ) for each Y ⊆ B, and
(iii) ⊓M (X, Y ) = ⊓N (X, Y ) for each X ⊆ A and Y ⊆ B.
Proof. Conditions (i), (ii), and (iii) are clearly nesessary, for the con-
verse, suppose that they hold. Then, for any set Z ⊆ E(M), we have
rM(Z) = rM(Z ∩A) + rM(Z ∩ B)− ⊓M(Z ∩ A,Z ∩ B)
= rN(Z ∩A) + rN(Z ∩B)− ⊓N (Z ∩A,Z ∩ B)
= rN(Z).
Thus M = N . 
Lemma 3.2. Let F be a finite field, let (A,B) be a k-separation in a
matroid M , let X ⊆ A and Y ⊆ B, and let W = span(A) ∩ span(B).
Then ⊓M(X, Y ) = ⊓SM (W ∩ span(X),W ∩ span(Y )).
Proof. The result follows from the fact that span(X) ∩ span(Y ) ⊆
span(A) ∩ span(B) = W . 
Let (A,B) be a k-separation in a matroid M . Two sets X, Y ⊆ A
are said to be equivalent if ⊓M(X,Z) = ⊓M(Y, Z) for all Z ⊆ B. We
let P(M,A) denote the partition of the power set of A into equivalence
classes.
Lemma 3.3. Let F be a finite field of order q, let M be a F-represented
matroid, let k ≥ 2 be an integer, and let (A,B) be a k-separation in
M . Then |P(M,A)| ≤ tower(q, k − 1, 2).
Proof. By possibly reducing k, we may assume that (A,B) is an ex-
act k-separation. Let W = span(X) ∩ span(Y ), thus si(SM |W ) is
isomorphic to PG(k − 2, q). Note that, for each flat F of SM |W , if
X, Y ⊆ A such that span(X) ∩W = F and span(Y ) ∩W = F , then,
by Lemma 3.2, the sets X and Y are equivalent. So the result follows
by Lemma 2.4. 
The next result enables us to bound |P(M,A)| when M is an ex-
cluded minor.
Lemma 3.4. Let k ≥ 2 be an integer, let (A,B) be a k-separation in
a matroid M , and let e ∈ B. If either e /∈ clM(A) or e 6∈ clM∗(A), then
for each equivalence class P ∈ P(M,A) there exist equivalence classes
P1 ∈ P(M \ e, A) and P2 ∈ P(M/e,A) such that P = P1 ∩ P2.
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Proof. There exist equivalence classes P1 ∈ P(M \ e, A) and P2 ∈
P(M/e,A) with P ⊆ P1 and P ⊆ P2. Suppose that P 6= P1 ∩ P2.
Then there are inequivalent sets X ∈ P and Y ∈ (P1 ∩ P2) − P . So
there is a set Z ⊆ B such that ⊓M (X,Z) 6= ⊓M(Y, Z). If e 6∈ Z, then
⊓M\e(X,Z) 6= ⊓M\e(Y, Z), contradicting that X, Y ∈ P1. Thus e ∈ Z.
Suppose that ⊓M(X, {e}) = ⊓M(Y, {e}). Then
⊓M/e(X,Z − {e}) = ⊓M(X,Z)− ⊓M(X, {e})
6= ⊓M(Y, Z)− ⊓M(Y, {e})
= ⊓M/e(Y, Z − {e}),
contradicting that X, Y ∈ P2. Thus ⊓M(X, {e}) 6= ⊓M(Y, {e}). It
follows that e ∈ clM(X∪Y ) ⊆ clM(A). By the hypotheses of the lemma,
e 6∈ clM∗(A). Then, since X, Y ∈ P1, ⊓M(X,B) = ⊓M\e(X,B−{e}) =
⊓M\e(Y,B − {e}) = ⊓M (Y,B). It follows that ⊓M/e(X,B − {e}) =
⊓M(X,B)−⊓M (X, {e}) 6= ⊓M(Y,B)−⊓M(Y, {e}) = ⊓M/e(Y,B−{e}).
This contradicts the fact that X, Y ∈ P2. 
Let (A,B) be a k-separation in a represenatable matroid M and
let W = span(A) ∩ span(B). The proof of Lemma 3.3 gives a suffi-
cient condition for two sets X, Y ⊆ A to be equivalent; namely that
span(X) ∩W = span(Y ) ∩W . The following result characterizes the
equivalent pairs; this is a very tecnical result, but conceptually impor-
tant. The proof of the result follows directly from definitions, so we
omit it.
Lemma 3.5. Let F be a finite field of order q, let M be a F-represented
matroid, let k ≥ 2 be an integer, let (A,B) be a k-separation in M ,
and let W = span(A) ∩ span(B). Now, let WX = span(X) ∩W and
WY = span(Y ) ∩W , and let F denote the set of all flats F of SM |W
such that there exists Z ⊆ B with span(Z) ∩W = F . Then X and Y
are equivalent if and only if rSM (WX ∩F ) = rSM (WY ∩F ) for each flat
F ∈ F .
Let (A,B) be an exact k-separation in a matroid M and let F be
a finite field of order q. Let F(k − 2,F) be the set of all flats of
N = PG(k − 2,F). An F-scheme, or scheme, for (A,B) is a function
σ : P(M,A) → 2F(k−2,F). A scheme σ for (A,B) is realizable if there
exists an F-representable matroid M ′ such that
• E(M ′) = A ∪ E(N), M ′|A =M |A, and M ′|E(N) = N , and
• for each P ∈ P(M,A) and X ∈ P , clM ′(X) ∩ E(N) ∈ σ(P ).
We define a function pi : P(M,A) × P(M,B) → Z such that, for
each P1 ∈ P(M,A) and P2 ∈ P(M,B), pi(P1, P2) = ⊓M (X, Y ) where
X ∈ P1 and Y ∈ P2. Let σ1 be a scheme for (A,B) and let σ2 be a
6 SHALEV BEN-DAVID AND JIM GEELEN
scheme for (B,A). We say that σ1 and σ2 are compatible if for each
P1 ∈ P(M,A), P2 ∈ P(M,B), F1 ∈ σ1(P1), and F2 ∈ σ2(P2) we have
⊓N(F1, F2) = pi(P1, P2).
The next lemma follows directly from these definitions.
Lemma 3.6. Let (A,B) be an exact k-separation in a matroid M and
let F be a finite field. Then M is F-representable if and only if there
exist realizable schemes σ1 for (A,B) and σ2 for (B,A) that are com-
patible.
Proof. Suppose that M is an F-represented matroid. Let N be a max-
imal simple restriction of SM |(span(A) ∪ span(B)); thus N is isomor-
phic to PG(k − 2,F). For each P ∈ P(M,A) we let σ1(P ) denote the
set of flats span(X) ∩ E(N) taken over all X ∈ P . Similarly, for each
P ∈ P(M,B) we let σ2(P ) denote the set of flats span(X)∩E(N) taken
over all X ∈ P . By definition, σ1 is a realizable scheme for (A,B) and
σ2 is a realizable scheme for (B,A). By Lemmas 3.1 and 3.2, σ1 and
σ2 are compatible.
Conversely, suppose that there exist realizable schemes σ1 for (A,B)
and σ2 for (B,A) that are compatible. Thus there are F-represented
matroids MA and MB such that
• E(MA) = A ∪ E(N), MA|A = M |A, and MA|E(N) = N ,
• for each P ∈ P(M,A) and X ∈ P , clMA(X) ∩ E(N) ∈ σ1(P ),
• E(MB) = B ∪ E(N), MB|B =M |B, and MB|E(N) = N ,
• for each P ∈ P(M,B) and X ∈ P , clMB(X) ∩ E(N) ∈ σ2(P ).
Now let M ′ be the F-represented matroid on ground set E(MA) ∪
E(MB) such that M
′|E(MA) = MA, M
′|E(MB) = MB, and
span(E(MA)) ∩ span(E(MB)) = span(E(N)). By the definition of
compatible and Lemma 3.1, M ′ \E(N) is a representation of M . 
4. Nested k-separations
A k-dissection of length t of a matroid M is an ordered partition
(A0, A1, . . . , At) of E(M) into nonempty sets such that, for each i ∈
{1, . . . , t}, (A0 ∪ · · · ∪ Ai−1, Ai ∪ · · · ∪ At) is a k + 1-separation. Thus,
M has a k-dissection of length t if and only if M has t nested k + 1-
separations. For brevity, we will write A[i, j] for Ai ∪ · · · ∪Aj. We say
that a k-dissection (X0, . . . , Xt) contains a k-dissection (Y0, . . . , Ys) if
there is an increasing function f : {0, . . . , s} → {0, . . . , t} with f(0) = 0
such that for each i ∈ {0, . . . , s − 1}, Yi = X [f(i), f(i+ 1) − 1]. A k-
dissection (X0, . . . , Xt) is linked if κM(X0, Xt) = k. Note that the set
of linked k-dissections is closed under containment.
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Lemma 4.1. If a matroid has a k-dissection of length nk+1, then it
has a linked l-dissection of length n for some l ≤ k.
Proof. Let M be a matroid that admits a k-dissection (A0, A1, . . . , At)
with t = nk+1. Inductively we may assume that M does not ad-
mit a (k − 1)-dissection of length nk. For each i ∈ {0, . . . , nk − 1},
we may assume that κM(A[0, in], A[(i + 1)n, t]) < k since otherwise
(A[0, in], A(in + 1), A(in + 2), . . . , A[(i + 1)n − 1, A[(i + 1)n, t]) is a
linked k-dissection of length n. So there is a partition (Bi, Ci+1)
of A[in + 1, (i + 1)n − 1] such that λM(A[0, in] ∪ Bi) < k. But
then (A0 ∪ B0, C1 ∪ An ∪ B1, C2 ∪ A2n ∪ B2, . . . , Cnk−1 ∪ A(nk−1)n ∪
Bnk−1, CnkAt) is a k− 1-dissection of length n
k, contrary to our choice
of (A0, A1, . . . , At). 
In the remainder of the paper, we will be dealing with a linked
k-dissection (A0, . . . , At) in a matroid M . By Tutte’s Linking The-
orem we will find a partition (C,D) of A[1, . . . , t − 1] such that
⊓M/C(A0, At) = k. For X ⊆ C∪D we will denoteM \(D∩X)/(C∩X)
by M ◦X .
We need the following technical result on dissections of representable
matroids.
Lemma 4.2. Let F be a finite field of order q and let a, b, k ∈ N with
a ≥ b tower(q, k, 2)2. Now let (A0, A1, . . . , Aa) be a linked k-dissection
of an F-represented matroid M and let (C,D) be a partition of A[1, a−
1] such that ⊓M/C(A0, Aa) = k. Then (A0, A1, . . . , Aa) contains a k-
dissection (B0, B1, . . . , Bb) such that, for each 1 ≤ i < j ≤ b,
P(M ◦B[i, j − 1], B[0, i− 1]) = P(M,B[0, i− 1])
P(M ◦B[i, j − 1], B[j, b]) = P(M,B[j, b]),
|P(M,B[0, i− 1])| = |P(M,B[0, j − 1])|, and
|P(M,B[i, b])| = |P(M,B[j, b])|.
Proof. For each i ∈ {1, . . . , a} let Ni be a maximal simple restriction of
SM |(span(A[0, i−1])∩span(A[i, a])); thus Ni ∼= PG(k−1,F). Consider
a pair (i, j) with 1 ≤ i < j ≤ a. By Lemma 2.3, λM◦A[i,j−1](A[0, i−1]) =
k. Now consider the restriction Mij of SM to E(M) ∪ E(Ni) ∪ E(Nj).
Now Ni and Nj are both restrictions of Mij ◦ A[i, j − 1] and each
element of Ni is in parallel with a unique element of Nj; let φij denote
the associated bijection.
For each i ∈ {1, . . . , a}, let Li denote the set of flats F of Ni such
that there exists X ⊆ A[0, i− 1] with clN(X) ∩ E(Ni) = F and let Ri
denote the set of flats F of Ni such that there exists X ⊆ A[i, a] with
clN(X) ∩ E(Ni) = F . By Lemma 2.4, 1 ≤ |Li| ≤ tower(q, k, 2) and
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1 ≤ |Ri| ≤ tower(q, k, 2). So there exists Z ⊆ {1, . . . , a} with |Z| = b
and integers l, r ∈ {1, . . . , tower(q, k, 2)} such that |Li| = l and |Ri| = r
for each i ∈ Z.
Consider i, j ∈ Z with j > i and sets X1, X2 ⊆ A[0, i − 1]. Let
F1 = clN(X1)∩E(Ni) and F2 = clN(X2)∩E(Ni). Note that F1, F2 ∈ Li.
Moreover X1 and X2 are not equivalent if and only if there exists F
′ ∈
Ri such that rSM (F
′ ∩ F1) 6= rSM (F
′ ∩ F2). For each R ∈ Ri, we have
φij(R) ∈ Rj; so, since |Ri| = |Rj |, φij defines a bijection between Ri and
Rj. So X1 and X2 are equivalent inM if and only if they are equivalent
in M ◦A[i, j − 1]. Thus P(M,A[0, i− 1]) = P(M ◦A[i, j], A[0, i− 1]).
By symmetry, P(M,A[j, a]) = P(M ◦A[i, j − 1], A[j, a]). Similarly, by
Lemma 3.5,
|P(M,B[0, i− 1])| = |P(M,B[0, j − 1])|, and
|P(M,B[i, b])| = |P(M,B[j, b])|.
Now the result holds by taking the k-dissection corresponding to
Z. 
5. Excluded minors
For a set F of fields, we call a matroid F-representable if M is F-
representable for some F ∈ F . Our main result is an extension of
Theorem 1.2 to F -representability. To make the sums easier, it is
convenient to consider 2-separations separately; the following result is
routine, we leave the proof to the reader.
Lemma 5.1. Let F be a finite set of fields. Then each excluded minor
for the class of F-representable matroids has at most |F| − 1 nested
2-separations.
The following technical result extends Lemma 4.2 to excluded mi-
nors.
Lemma 5.2. Let F be a set of finite fields each of order ≤ q and let
a, n, k ∈ N with a ≥ 3, k ≥ 2, and n ≥ a|F| tower(q, k, 6). Now let
M be an excluded minor for the class of F-representable matroids. If
M has a linked k-dissection of length n, then there exists a linked k-
dissection (A0, A1, . . . , Aa) of M , integers l, r ∈ N, a partition (C,D)
of A[1, a− 1], and a field F ∈ F such that
• ⊓M/C(A0, Aa) = k;
• M ◦ Ai is F-representable for each i ∈ {1, . . . , a− 1};
• for each 1 ≤ i < j < a,
P(M ◦ A[i, j], A[0, i− 1]) = P(M,A[0, i− 1]) and
P(M ◦ A[i, j], A[j + 1, a]) = P(M,A[j + 1, a]); and
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• for each 1 ≤ i ≤ a,
|P(M,A[0, i− 1])| = l and
|P(M,A[i, a])| = r.
Proof. Let b = a tower(q, k, 2)8 and c = |F|b. Since k ≥ 2 and q ≥ 2,
it is a routine calculation to check that n ≥ c+4qk. So M has a linked
k-dissection (C0, . . . , Cd) such that |C0| ≥ 2q
k and |Cc| ≥ 2q
k. By
Tutte’s Linking Theorem, there is a partition (C,D) of C[1, c−1] such
that ⊓M/C(C0, Cc) = k. Since M is an excluded-minor for the class
of F -representable matroids, for each i ∈ {1, . . . , c − 1} there exists a
field Fi ∈ F such that M ◦ Ci is Fi-representable. By majority, there
exists a field F ∈ F and a linked k-dissection (B0, . . . , Bb) of length b
contained in (C0, . . . , Cc) such that M ◦ Bi is F-representable for each
i ∈ {1, . . . , b− 1}.
Note that M is simple and cosimple. So, for any k + 1-separation
(X, Y ) of M , we have |X ∩ clM(Y )| ≤ q
k and |X ∩ cl∗(M)| ≤ qk.
Therefore there exists e ∈ B0 that is in neither the closure nor the
coclosure of B[1, b] and there exists f ∈ Bb that is in neither the closure
nor the coclosure of B[0, b− 1]. Now (B0 − {e}, B1, . . . , Bb) is a linked
k-dissection in both M \ e and M/e and (B0, B1, . . . , Bb − {f}) is a
linked k-dissection in both M \ f and M/f . Moreover each of M \ e,
M/e, M \ f and M/f is representable over some field in F . We will
now apply Lemma 4.2 to each of the matroids M \ e, M/e, M \ f , and
M/f in turn to get increasingly coarser k-dissections; let (A0, . . . , Aa)
be the final k-dissection. Then, by Lemma 3.4, for each 1 ≤ i < j < a
we have
P(M ◦A[i, j]), A[0, i− 1]) = P(M,A[0, i− 1])
P(M ◦ A[i, j]), A[j + 1, a]) = P(M,A[j + 1, a])
|P(M,A[0, i− 1])| = |P(M,A[0, j − 1])|, and
|P(M,A[i, a])| = |P(M,A[j, a])|.
Finally, let l = |P(M,A0) and r = |P(M,Aa), and replace C and D
with C ∩A[1, a− 1] and D ∩ A[1, a− 1]. 
We can now prove our main result.
Theorem 5.3. Let F be a finite set of finite fields each of size at most
q, let k ∈ N, and let t = |F|k+1 tower(q, q, k, 6). Then no excluded-
minor for the class of F-representable matroids admits a sequence of t
nested k-separations.
Proof. LetM be an excluded-minor for the class of F -representable ma-
troids and suppose that M has t-nested k-separations. By Lemma 5.1,
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we may assume that k ≥ 2. Let a = tower(q, k, 2)2 tower(q,k,2) + 1. It is
a routine calculation to check that
t ≥ (a|F| tower(q, k, 6))k+1 .
Then, by Lemmas 4.1 and 5.2, there is a field F ∈ F , an integer k′ ≤ k,
a linked k′-dissection (A0, A1, . . . , Aa) of M , integers l, r ∈ N, and a
partition (D,C) of E(M)− (A0 ∪ Aa) such that:
• ⊓M/C(A0, Aa) = k
′;
• M ◦ Ai is F-representable for each i ∈ {1, . . . , a− 1};
• for each 1 ≤ i < j < a;
P(M ◦ A[i, j]), A[0, i− 1]) = P(M,A[0, i− 1]) and
P(M ◦ A[i, j]), A[j + 1, a]) = P(M,A[j + 1, a]); and
• for each 1 ≤ i ≤ a,
|P(M,A[0, i− 1])| = l and
|P(M,A[i, b])| = r.
Let P(M,A0) = {L1, . . . ,Ll} and let P(M,Aa) = {R1, . . . ,Rr}.
Now, for each i ∈ {0, . . . , a− 1} and each j ∈ {1, . . . , l}, let Lij denote
the equivalence class of P(M,A[0, i]) that contains
{L ∪ (C ∩ A[1, i]) : L ∈ Lj}.
Similarly, for each i ∈ {0, . . . , a − 1} and each j ∈ {1, . . . , r}, let Rij
denote the equivalence class of P(M,A[i+ 1, a]) that contains
{R ∪ (C ∩A[i+ 1, a]) : R ∈ Rj}.
Recall that an F-scheme for (A[0, i], A[i + 1, a]) is a function from
P(M,A[0, i]) to 2F(k
′−1,F) and that P(M,A[0, i]) = {Li1, . . . ,Lil}.
Henceforth we will abuse notation by considering an F-scheme of
(A[0, i], A[i+1, a]) as a function from {1, . . . , l} to 2F(k
′−1,F). Similarly,
we will consider an F-scheme of (A[i+ 1, a], A[0, i]) as a function from
{1, . . . , r} to 2F(m−1,F). For each i ∈ {1, . . . , a−1}, let SL(i) denote the
set of all realizable F-schemes of (A[0, i], A[i+1, a]) and let SR(i) denote
the set of all realizable F-schemes of (A[i + 1, a], A[0, i]). Since M is
not F-representable, there are no compatible pairs of F-schemes in SL(i)
and SR(i). By Lemma 3.3, l, r ≤ tower(q, k, 2). So, by Lemma 2.4, the
number of pairs of functions (σL, σR) where σL : {1, . . . , l} → 2
F(k′−1,F)
and σR : {1, . . . , r} → 2
F(k′−1,F) is at most
tower(q, k, 2)l+r ≤ tower(q, k, 2)2 tower(q,k,2) = a− 1.
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Therefore, there exists 0 < i < j < a such that SL(i) = SL(j)
and SR(i) = SR(j). Then, by Lemma 3.6, M ◦ A[i, j − 1] is not F-
representable, which contradicts our choice of (A0, . . . , Aa). 
Note that Theorem 1.2 is an immediate corollary.
6. Branch width
A tree is cubic if its internal vertices all have degree 3. The leaves of
a tree are its degree-1 vertices. Let M be a matroid with |M | ≥ 2. A
branch-decomposition ofM is a cubic tree T whose leaves are bijectively
labelled by the elements ofM . If T ′ is a subgraph of T and X ⊆ E(M)
is the set of labels of T ′, then we say that T ′ displays X . The width of
an edge e of T is defined to be λM(X)+1 where X is the set displayed
by one of the components of T \ e. The width of T is the maximum
among the widths of its edges. Finally, the branch-width of M is the
minimum among the widths of all branch-decompositions of M . For a
matroid M with |M | ≤ 1, the branch-width is defined to be |M |.
The following result is a generalization of Corollary 1.3.
Corollary 6.1. Let F be a set of finite fields each of size at most q.
For each positive integer k, if M is an excluded minor for the class
of F-representable matroids and M has branch-width k, then |M | ≤
tower(3, q, q, k, 6).
Proof. Consider a tree-decomposition T of M of width at most k.
By Theorem 5.3, M has no nested sequence of k-separations of
length tower(q, q, k, q). Therefore T has no Path of length l =
tower(q, q, k, 6) + 2k. The maximum number of leaves in a cubic tree
with no path of length l is
=
{
3 · 2
l−3
2 , l odd
2 · 2
l−2
2 , l even.
In either case, the number of leaves is at most tower(3, q, q, k, 6), and
hence |M | ≤ tower(3, q, q, k, 6). 
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